Garcia and Stichtenoth discovered two towers of function fields that meet the Drinfeld-Vlȃduţ bound on the ratio of the number of points to the genus. For one of these towers, Garcia, Pellikaan and Torres derived a recursive description of the Weierstrass semigroups associated to a tower of points on the associated curves. In this article, a non-recursive description of the semigroups is given and from this the enumeration of each of the semigroups is derived.
Introduction
Let N 0 denote the set of all non-negative integers. A numerical semigroup is a subset Λ of N 0 containing 0, closed under summation and with finite complement in N 0 . The enumeration of Λ is the unique increasing bijective map λ : N 0 −→ Λ. Usually λ i is used instead of λ(i).
Garcia and Stichtenoth first gave in [1, 2] two towers of function fields attaining the Drinfeld-Vlȃduţ bound, which became of great importance in the area of algebraic coding theory. The tower in [2] is defined over the finite field with q 2 elements F q 2 for q a prime power. It is given by
It is shown in [2] that the number of its rational points is N q (F m ) (q 2 − q)q m−1 and that the genus g m of F m is g m = (q
. Hence, the ratio between the genus g(F m ) and N q 2 (F m ) converges to 1/(q − 1), the Drinfeld-Vlȃduţ bound, as m increases. From these curves one can construct asymptotically good sequences of codes.
For every function field F m in the tower we distinguish the rational point Q m that is the unique pole of x 1 . The Weierstrass semigroup Λ m at Q m in F m was recursively described in [4] . Indeed, the semigroups are given recursively by
In Section 1 we give a non-recursive description of these semigroups. This description leads to an explicit formulation of their enumerations, which we present in Section 2.
Non-recursive description of the semigroups
In this section we will give a non-recursive description of the semigroups (1). The conductor of a numerical semigroup Λ is the unique integer c such that c − 1 ∈ Λ and c + N 0 ⊆ Λ. The gaps of Λ are the elements in N 0 \ Λ and the non-gaps are the elements in Λ.
From now on we will use c m for the conductor of Λ m , which is q m − q ⌊ m+1 2 ⌋ , and
Notice that these are not recursive definitions.
Proof. We will proceed by induction. The case m = 1 is obvious. Suppose m > 1. If m is even, say m = 2n, then
By the induction hypothesis, since c 2n−1 = q 2n−1 − q n and c 2n = q 2n − q n ,
If m is odd, say m = 2n + 1, then
By the induction hypothesis, since c 2n = q 2n − q n and c 2n+1 = q 2n+1 − q n+1 ,
It remains to see that the unions are disjoint. Let us first see that the sets q m−2i+1 A i are pairwise disjoint. Indeed,
On the other hand,
This proves that the sets q m−(2i−1) A i are pairwise disjoint. Now, the maximum attained by these sets is q m − q 
Enumeration of the semigroups
In this section we use the notations and results in Theorem 1 to find an explicit formula for the enumeration of the semigroups in (1).
Theorem 2. Let λ be the enumeration of Λ m .
1. The conductor c m is the image by λ of q
Proof.
For any positive integer i it holds
Since c m is the first non-gap which is not in Setting j = t − q l−1 + 1 shows that t may be expressed as claimed, and that the choice of l and j are unique.
